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Fig. 1. Solid line: Schwarzschield Potential.
The Effective Potential for λ = 0 and ǫ = 0.001
Dashed line: E˜ = 1. Dotted line: E˜ = 1.5. Dot-dashed line: E˜ = 2.
Fig. 2. Solid line: Schwarzschield Potential.
The Effective Potential for λ = 90 and ǫ = 0.001
Dashed line: E˜ = 9. Dotted line: E˜ = 13. Dot-dashed line: E˜ = 22.
Fig. 3. The curves represent the points at which the effective potential V˜ 2eff ,
the scalar curvature R and the Kretschmann curvature invariant I diverge.
Dashed line: λ = 0 and ǫ = 0.001. Solid line: λ = 0 and ǫ = 0.001.
Fig. 4. The Scalar Curvature R for ǫ = 0.001
Solid line: λ = 0 and E˜ = 9
Dashed line: λ = 90 and E˜ = 22
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Abstract
We consider a model in which accelerated particles experience line–
elements with maximal acceleration corrections. When applied to the
Schwarzschild metric, the effective field experienced by accelerated
test particles contains corrections that vanish in the limit h¯→ 0, but
otherwise affect the behaviour of matter greatly. A new effect appears
in the form of a spherical shell, external to the Schwarzschild sphere,
impenetrable to classical particles.
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One of the main problems of modern theoretical physics is the unifica-
tion of Quantum Mechanics and General Relativity. A very interesting step
in this direction was taken by Caianiello [1] who interpreted quantization
as curvature of the relativistic eight dimensional space–time tangent bun-
dle TM = M4 ⊗ TM4, where M4 is the usual flat space–time manifold of
metric ηµν and signature -2. In this space the standard operators of the
Heisenberg algebra are represented as covariant derivatives and the quantum
commutation relations are interpreted as components of the curvature ten-
sor. The Born reciprocity principle and, equivalently, the symmetry between
configuration and momentum space representations of field theory, are thus
automatically satisfied.
An interesting feature of Caianiello’s model is that the proper accelera-
tions of massive particles along their worldlines are normalized to an upper
limit Am [2], referred to as maximal acceleration (MA). In some works Am
is fixed by the Planck mass mP =
(
h¯c
G
)1/2
[3],[4] and is therefore a universal
constant. A direct application of Heisenberg’s uncertainty relations [5], [6],
as well as the geometric interpretation of the quantum commutation rela-
tions, suggest, however, that the natural limit for the proper acceleration of
any massive particle be fixed by the particle rest mass itself according to the
relation Am = 2mc
3/h¯. Its existence, which would automatically rid black
hole entropy of ultraviolet divergences [7],[8], can be also surmised in the
context of Weyl space [9] and of a geometrical analogue of Vigier’s stochastic
theory [10], or conjectured on diverse classical and quantum grounds [11],[3].
The notion of MA is linked to the extended nature of particles. The
inconsistency of the point–particle concept for a relativistic quantum particle
is discussed by Hegerfeldt [12] who shows that the localization of the particle
at a given point at a given time enters in incurable conflict with causality.
The introduction of an invariant interval in the eight-dimensional space–
time tangent fiber bundle TM , may be also interpreted as a regularization
procedure of the field equations, alternative to that in which space–time
is quantized by means of a fundamental length, as in [13], where the two-
point and four point Green’s functions of a massless scalar field theory are
explicitely constructed and shown to lead to the disappearance of ultraviolet
divergences at the one loop level. The advantage of Caianiello’s proposal is
to preserve the continuum structure of space–time.
MA has long been familiar in the classical context [14].
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In a quantum relativistic context, the analysis of string propagation in
cosmological backgrounds has revealed that accelerations higher than a crit-
ical value give rise to Jeans–like instabilities [15]. These occur [16] when the
acceleration induced by the background gravitational field is large enough to
render the two string extremities causally disconnected because of the Rindler
horizon associated with their relative acceleration. The critical acceleration
ac is determined by the string size λ and is given by ac = λ
−1 = (mα)−1,
where m is the string mass and α−1 the usual string tension.
Frolov and Sanchez [17] have then found that a universal critical acceler-
ation ac ≃ λ
−1 must be a general property of the strings.
In all these instances the critical acceleration is a consequence of the
interplay of the Rindler horizon with the finite extension of the particle.
In Caianiello’s proposal the maximal proper acceleration is a basic physical
property of all massive particles, which is an inescapable consequence of
quantum mechanics [5], [6], and must therefore be included from the outset
in the physical laws. This requires a modification of the metric structure
of space-time. It leads, in the case of Rindler space, to a manifold with a
non-vanishing scalar curvature and a shift in the horizon [18]. The cut-off
on the acceleration is the same required in an ad hoc fashion by Sanchez in
order to regularize the entropy and the free energy of quantum strings [19].
MA is also invoked as a necessary cut–off by McGuigan in the calculation of
black hole entropy [8].
Applications of Caianiello’s model include cosmology [4], where the initial
singularity can be avoided while preserving inflation, the dynamics of acceler-
ated strings [20], the energy spectrum of a uniformly accelerated particle [18],
the periodic structure as a function of momentum in neutrino oscillations [21]
and the expansion of the very early universe [16]. The model also makes the
metric observer–dependent, as conjectured by Gibbons and Hawking [22].
The extreme large value that Am takes for all known particles makes a
direct test of the model very difficult. Nonetheless a direct test that uses
photons in a cavity has also been suggested [23]. More recently, we have
worked out the consequences of the model for the classical electrodynamics
of a particle [24], the mass of the Higgs boson [25] and the Lamb shift in hy-
drogenic atoms [26]. In the last instance the agreement between experimental
data and MA corrections is very good for H and D. For He+ the agreement
between theory and experiment is improved by 50% when MA corrections
are included. MA effects in muonic atoms also appear to be measurable [27]
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In this paper we analyze the modifications produced by MA in the motion
of a scalar particle in the Schwarzschild field.
As stated above, there is indeed a simple way to endow space-time with
a causal structure in which proper accelerations are limited. It consists in
replacing the usual Minkowski line element ds2 = ηµνdx
µdxν with the line
element in the eight-dimensional space-time tangent bundle TM
dτ 2 = ηABdX
AdXB A, B = 0, . . . , 7, (1)
where
ηAB = ηµν ⊗ ηµν ,
XA =
(
xµ,
c2
Am
dxµ
ds
)
µ = 0, . . . , 3 ,
xµ = (ct, ~x) is the usual space-time four-vector and dxµ/ds = x˙µ the four-
velocity.
In order to write the equations of motion in ordinary four–dimensional
space–time, an embedding procedure is required [18], the first step of a pro-
cess of successive approximations, which leads to an effective four–dimensio-
nal space–time geometry, induced on M4 by the metric gAB of TM through
the parametric equations which govern the embedding of M4 in TM . Given
the coordinates ξµ, chosen to parametrize M4, and assigned on M4 the ve-
locity field x˙µ(ξ), the eight equations xµ = xµ(ξ) and x˙µ = x˙µ(ξ) consti-
tute the set of equations needed to represent M4 as an embedded subman-
ifold of TM . The metric gµν(ξ), locally induced, is then given by gµν(ξ) =
ηαβ
(
∂xα
∂ξµ
∂xβ
∂ξν
+ 1
A2m
∂x˙α
∂ξµ
∂x˙β
∂ξν
)
.
The first order approximation introduced by this procedure consists in
defining the velocity field x˙µ as the one obtained by solving the ordinary
four–dimensional equations of motion. The invariant line element (1) can
therefore be written in the form
dτ 2 = ηµνdx
µdxν +
1
A2m
ηµνdx˙
µdx˙ν =
=
[
1 +
x¨µx¨
µ
A2m
]
ηµνdx
µdxν . (2)
As a consequence one obtains mass-dependent corrections to the effective
space-time geometry experienced by accelerated particles, which in general
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induce curvature, and give rise to a mass dependent violation of the equiv-
alence principle. In the classical limit (Am)
−1 = h¯
2mc3
→ 0 the terms con-
tributing to the modification of the geometry vanish and one returns to the
ordinary space-time geometry.
In the presence of gravity, we replace ηµν with the corresponding metric
tensor gµν , a natural choice which preserves the full structure introduced in
the case of flat space. We obtain
dτ 2 =
(
1 +
gµν x¨
µx¨ν
A2m
)
gαβdx
αdxβ ≡ σ2(x)gαβdx
αdxβ . (3)
The four–acceleration x¨µ = d2xµ/d s2 appearing in the conformal factor of
(3) is not a covariant quantity necessarily orthogonal to the four–velocity x˙µ,
as in Minkowski space. The justification for this choice lies primarily with
the quantum mechanical derivation of Am [5],[6] which applies to x¨
µ, is New-
tonian in spirit (it requires the notion of force) and is only compatible with
special relativity. No extension of this derivation to general relativity has so
far been given. The choice of x¨µ in (3) is, of course, supported by the weak
field approximation to gµν which, to first order, is entirely Minkowskian.
Other relevant distinctions must be made. The model introduced is not
intended to supersede general relativity, but only to provide a method to
calculate the MA corrections to a Schwarzschild line element. The effective
gravitational field introduced in (3) can not be easily incorporated in general
relativity (it violates, for one, the equivalence principle). Nor are the sym-
metries of general relativity indiscriminately applicable to (3). For instance,
the conformal factor is not an invariant, nor can it be eliminated by means
of general coordinate transformations. The embedding procedure requires
that it be present and that it be calculated in the same coordinates of the
unperturbed gravitational background. It is useful to keep these distinctions
in mind in what follows.
For convenience, the natural units h¯ = c = G = 1 will be used below.
In order to calculate the corrections to the Schwarzschild field experienced
by a particle initially at infinity and falling toward the origin along a geodesic,
one must calculate the metric induced by the embedding procedure (2) to first
order in the parameter A−2m . On choosing θ = π/2, one finds the conformal
4
factor produced by the embedding procedure
σ2(r) = 1 +
1
A2m
[(
1−
2M
r
)
t¨2 −
r¨2
1− 2M/r
− r2φ¨2
]
, (4)
where t¨, r¨ and φ¨ are given by the standard results [14]
t¨2 =
E˜2
(1− 2M/r)4
4M2
r4
[
E˜2 −
(
1−
2M
r
)(
1 +
L˜2
r2
)]
,
r¨2 =
(
−
M
r2
+
L˜2
r3
−
3ML˜2
r4
)2
, (5)
φ¨2 =
4L˜2
r6
[
E˜2 −
(
1−
2M
r
)(
1 +
L˜2
r2
)]
.
M is the mass of the source, E˜ and L˜ are the total energy and angular
momentum per unit of particle mass m. The conformal factor σ2(r) is then
given by
σ2(r) = 1 +
1
A2m

− 11 − 2M/r
(
−
3ML˜2
r4
+
L˜2
r3
−
M
r2
)2
+
+
(
−
4L˜2
r4
+
4E˜2M2
r4(1− 2M/r)3
)[
E˜2 −
(
1−
2M
r
)(
1 +
L˜2
r2
)]}
. (6)
In order to make a direct comparison with the motion in Schwarzschild ge-
ometry possible, we adopt the same procedure and notations of Ch. 25 of
[14]. The only exception is here represented by our choice of metric signature
(−2). Starting from the fundamental statement that the magnitude of the
energy–momentum four–vector is given by the rest mass m of the particle
gαβp
αpβ = m2 and using the modified metric (3), one obtains
(
dr
dτ
)2
=
1
σ4(r)
[
E˜2 −
(
1−
2M
r
)(
σ2(r) +
L˜2
r2
)]
≡ E˜2 − V˜ 2eff(r) , (7)
which corresponds to the equation
(
dr
dτ
)2
= E˜2 −
(
1−
2M
r
)(
1 +
L˜2
r2
)
≡ E˜2 − V˜ 2(r) , (8)
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of Ref. [14]. The analysis of the motion can therefore be given in term of
V˜ 2eff(r) = E˜
2 −
E˜2
σ4(r)
+
1
σ2(r)
(
1−
2M
r
)(
1 +
L˜2
r2σ2(r)
)
. (9)
In a more traditional approach one would write
1
2
(
dr
dτ
)2
+ P˜eff(r) = ω , (10)
where ω ≡ (E˜2 − 1)/2 [14]. Substituting (8) into (10) one obtains P˜eff =
1
2
(
V˜ 2eff(r)− 1
)
. It now is convenient to introduce the adimensional variable
ρ = r/M and the parameters ǫ = (MAm)
−1 and λ = L˜/M . The complete
expression for V˜ 2eff(ρ) is then
V˜ 2eff(ρ) = E˜
2
{
1 +
1
σ2(ρ)
[
−
1
σ2(ρ)
+
1
E˜2
(
1−
2
ρ
)(
1 +
λ2
ρ2σ2(ρ)
)]}
. (11)
Notice that V˜ 2eff → E˜
2 as ρ → 2 and ρ → 0. Moreover V˜ 2eff → 1 as
ρ→∞. Plots of (11) for different values of E˜ show a characteristic step–like
behaviour in the neighborhood of ρ = 2 (Fig. 1 for λ = 0, radial motion,
Fig. 2 for λ 6= 0). Fig. 1 clearly shows that the effective and Schwarzschild
potentials cannot be distinguished from each other for distances ranging from
infinity to points very near the Schwarzschild radius, where V˜ 2eff acquires a
marked dependence on the energy of the particle and develops a barrier which
prevents the particle from reaching the Schwarzschild horizon. An expansion
of (9) in the neighborhood of ρ = 2 yields, in fact, the behaviour of the height
of the potential barrier as V˜ 2eff ∼ E˜
2 + (ρ−2)
4
4ǫ2E˜4
+ O((ρ − 2)5) which, clearly,
has the minimum E˜2 on the horizon ρ = 2. This term vanishes only in the
limit E˜ →∞ and/or in the limit ǫ→∞ for which Am or M or both vanish
and the problem becomes meaningless.
A second interesting consequence of the line element (3) is represented by
the shift to the left in the horizon position in the case of radial motion, λ = 0
(Fig. 1). The new horizon actually becomes a true singularity. Nevertheless,
the potential barrier prevents incoming massive particles of energy E˜ from
falling into the pit in the effective potential. The addition of MA effects
does therefore produce, already to lowest order in A−2m , a spherical shell
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of radius 2 < ρ < 2 + η, with η ≪ 1 where, according to (7) and (8),
the velocity of any incoming particle becomes imaginary. Such a shell is
classically impenetrable and remains so at higher orders of approximation
in A−2m . The analogous occurrence of a classically impenetrable shell was
derived by Gasperini as a consequence of the breaking of the local SO(3, 1)
symmetry [29]. A generalization of the Schwarzschild metric to include MA
corrections was also given in [21] for the two-dimensional problem of particles
in hyperbolic motion in a Kruskal plane. As is known, these particles are
static relative to Schwarzschild coordinates (r = const). The classically
impenetrable shell and shift in horizon also occur in this instance.
Fig. 2 shows that the scenario is similar to the previous case for particles
with energy E˜ higher than the centrifugal potential barrier (dot–dashed line).
If, on the contrary, the particle’s energy is lower, its motion does not differ
from the classical one because in the physically accessible region (V˜ 2 ≤ E˜2)
V˜ 2eff does not differ significantly from the Schwarzschild potential. The mod-
ifications induced in the region near the Schwarzschild radius, i.e. the infinite
potential barrier for low values of E˜2 (dashed line in Fig. 2), or the finite,
but very high potential barrier for intermediate values of E˜2 (dotted line in
Fig. 2), have no influence on the particle motion, because they occur in a
region precluded by the centrifugal barrier. The existence of bound orbits
is assured by the fact that V˜eff and the Schwarzschild potentials reach the
same value rapidly for ρ > 2.
Fig 3 provides information about the localization of the singularities of
the effective potential, according to the values of E˜ and λ. For radial motion
(dashed line in fig. 3) and for increasing values of E˜ one meets one, than
three and than again one singularity point, always located in the region inter-
nal to the event horizon. When the normalized angular momentum λ differs
from zero (solid line in fig. 3), there is a critical value of E˜ above which no
singularities appear. Below this critical value, two singularity points appear
on the left of the Schwarzschild radius. At even lower energies the singular-
ities become four, two on the left and two on the right of the Schwarzschild
radius.
The singularities can best be analyzed by calculating the scalar curvature
R(ρ) ≡ Rµµ and the Kretschmann curvature invariant I ≡ RαβγδR
αβγδ for
the metric (3). The explicit results are cumbersome and will be given else-
where. We have however ascertained that the limǫ→0R(ρ) = 0, as it should,
because for ǫ = 0 (3) yields the unmodified Schwarzschild metric. Moreover
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limρ→2 R(ρ) = 0, limρ→0 R(ρ) = 0 for λ 6= 0, limρ→0 R(ρ) = −54A
2
m for
λ = 0 indicating that there is no singularity at the origin. The behaviour of
M2R(ρ) for ǫ = 0.001 and different values of λ and E˜ is given in Fig. 4 for
ρ ≥ 2.
The metric modifications (3) discussed in the previous section give rise to
a new, interesting effect represented by the presence of a spherical shell, ex-
ternal to the Schwarzschild sphere, that is forbidden to any classical particle.
Its implications are clear: no massive particle can reach the Schwarzschild
horizon. Would, however, such a shell prevent the formation of a black hole?
Certainly yes if the model is correct and accretion of massive particles is a
viable process of formation for black holes. One must however be cautious
and keep in mind that the occurrence of the shell is essentially dynamical
and that the procedure followed is perturbative.
Additional questions must also be considered.
i)Massive quantum tunneling through the shell 2 < ρ < 2+η. Preliminary
calculations based on spinless particles and the Klein–Gordon equation do
not seem to favour this possibility, but a more detailed analysis is necessary
before reaching definitive conclusions.
ii) Inflow at constant speed. One may assume that accumulation of matter
in proximity of the shell would provide a viscous background to the motion
of other incoming or outgoing matter. Particles moving with constant speed
would experience a normal Schwarzschild field and fall into the pit for suitable
values of L˜ and E˜. It may be difficult to realize this situation in proximity
of a strong source in any realistic way, but, a priori, not impossible.
iii) Trasformation of matter into photons. The existence of large acceler-
ations (x¨µx¨
µ ∼ 0.02A2m) in proximity of the shell would generate enormous
streams of photons (and gravitons) by brehmsstrahlung. Substantial capture
of photons by a large gravitational field would in time lead to black hole for-
mation because massless particles see unmodified Schwarzschild fields. In this
case formation would be only delayed and the whole process would resemble
a gigantic engine of which photons (and possibly other massless particles)
would at the same time be product and fuel.
The power radiated away by a single electron in proximity of the shell
can be estimated from the formula [28], [24] P = −(2e2/3c)x¨µx¨
µ. An ex-
pansion of x¨µx¨
µ in the neighborhood r = 2M + δM of the shell yields
x¨µx¨
µ ∼ −δ4A−2m /(4E˜
4) +O(δ5), and typically δ ∼ 0.005. The power emitted
is therefore independet of the mass of the source.
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For E˜ = 3 one finds P ∼ 23.9erg/s. At the highest accelerations,
x¨µx¨
µ ∼ 10−2A2m, P ∼ 3.1 · 10
8erg/s, and the conversion rest mass energy
into radiation becomes extremely efficient.
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